We investigate the following problem of Erd½ os: Determine the minimal number of k cliques in a graph of order n with independence number l:
Introduction
Let t m (G) denote the number of complete subgraphs of order m in a graph G; otherwise we use the standard notation of [1] . Let k 3; l 3 be integers. Consider the function f (n; k; l) = minft k (G)j jGj = n; t l (G) = 0g:
This function was …rst introduced by Erd½ os [2] in 1962. In an earlier paper Lorden [5] showed that for all even n and for odd n > 9 f (n; 3; 3) = 
Since this estimate is exact for k = 3; l = 3 and su¢ ciently large n, Erd½ os conjectured that it is exact for all k 3; l 3 and su¢ ciently large n. Unfortunately, the problem of detemining f (n; k; l) has sunk into oblivion despite the attempt for its revival in [1] (p 361, probl. 11).
It seems that the di¢ culties for the exact determination of f (n; k; l) are considerable for (k; l) 6 = (3; 3): As the exact determination of f (n; k; l) would yield the Ramsey number R (k; l) as a byproduct, it is clear that presently f (n; k; l) can only be approximated for large k and l:
Note that the class of all graphs G with t l G = 0 is monotone and therefore we have the limit
Instead of looking for an exact formula for f (n; k; l) similar to that of Lorden, we shall con…ne ourselves to the investigation of the constants c k;l : Even in this sinpli…ed form the problem remains rather hard.
Should (1) be exact then we would have c k;l = (l 1) (k 1) : Our …rst result constructs an upper bound on c k;l which shows this equation to be false for all but a …nite number of pairs (l; k) : Afterwards we investigate the particular cases l = 3; k 4 and l = 4; k 4 and give explicit bounds of c k;l ; in other words, we show that, for k 4;
The problem for determining the exact value of c k;l is quite challenging even in the simplest cases starting with c 3;4 : Although we can show relatively easily that 1 10 c 3;4 1 9 ;
we do not see any hint as to whether the conjecture of Erd½ os is true in that particular case. We believe that the conjecture 1 is false for (k; l) 6 = (3; 3)
and (k; l) 6 = (3; 4) : Another interesting question is to investigate c k;l with one of the parameters bounded and the other one tending to in…nity. Note that c k;l and c l;k raise completely di¤erent problems.
Main results
Let G be a graph and t be a positive integer. Consider the lexicographic product G [K t ] of G with the complete graph on t vertices K t : Recall that
and by de…nition (i; x) is adjacent to (j; y) if x = y or i is adjacent to j:
We note without proof the following obvious assertion.
Claim 1 The independence numbers of G and G [K t ] are equal.
Since the graph G [K t ] is uniquely determined by G; there must be a way to express the number of its
by the number of r cliques in G (1 r k): One such relation is given in the following lemma.
Proof. Consider the projection
whose projection is exactly a r clique in G. Clearly, for s 6 = r we have T r \ T s = ; and thus,
Let R be a clique in G: Denote by U R the set of all k cliques of G [K t ] whose projection lies in R and by U 0 R the set of all k cliques in G whose projection is exactly R: By the exclusion-inclusion principle we have
Note that for any s clique S in G, it is manifest that jU S j = ts k . Hence, summing (4) over all r cliques R, we obtain
and, by (3), we are done.
For graphs G with restricted clique number we can simplify (2) . In particular the following assertion holds.
Claim 2 For a triangle-free graph G = G(n; e)
We easily deduce that if G = G(n; e) is triangle-free then
Simplifying (2) for K 4 free graphs we obtain another explicit formula.
Claim 3 For any K 4 free graph G = G(n; e) with t 3 = t 3 (G) triangles
Let G l be a graph with the maximal number of vertices which is triangle-free and with no independent sets of size l: By the assumption, the order of G l equals the Ramsey number R(3; l). Now we are ready to formulate and prove the following theorem.
Theorem 1 For any integer k and l (k 3; l 3)
By Claim 1, this graph does not contain an independent set on l vertices. On the other hand, since G l is triangle-free, the neighbours of each vertex induce an independent set. Therefore,
Thus, by (5),
Corollary 1 The equation
has only a …nite number of solutions.
Proof. We shall show that there exist two constants k 0 and l 0 such that if
Before proceeding to the proof of this assertion let us look how it implies the assertion of the corollary. If (8) holds for some pair (k; l) with k 3 and l 3 then, by (6), we have
and therefore, k k 0 and l l 0 : Hence, the assertion of the corollary holds, since there are only (l 0 2) (k 0 2) pairs (k; l) with 3 l l 0 and 3 k k 0 :
By the estimate of R(3; l) which was proved by Kim in [4] , there is some c 0 > 0 such that R(3; l) c 0 l 2 log l holds for any l 3. Hence, there exist some l 0 such that (9) holds for any pair (k; l) with l > l 0 and k 3: Equally e¤ective here is the older result of Erd½ os [3] which states that there is some c 0 > 0 such that
holds for any l 3:
Now we have to consider the pairs (k; l) with l l 0 : We shall describe an explicit construction which shows that R(3; l) 3 (l 1) and hence, for any l 3 there is some k (l) such that k > k (l) implies (9). We have to put k 0 = max l l 0 k (l) to complete the proof.
Take the 3l 4 vertices f0; 1; :::; 3l 5g and join i to j if i j = 1; 2; :::; (l 2) (mod 3l 4) :
This graph does not contain a l clique and its complement is triangle-free. Thus, R (3; l) 1 3l 4 and the proof is completed.
Since R (3; 3) = 6; by (6) for l = 3; we obtain the following corollary. However weak this estimate may seem, it seems to be exact at least for the case k = 4: This result will be published in a forthcoming paper.
Consider now the unique graph G of order 17 which does not contain 4 cliques or independent sets of order 4: By direct counting one obtains e (G) = 68; t 3 (G) = 68:
Now, by Claim 3, after computing the limit, we obtain the following claim. The above examples suggest that the Ramsey numbers and their bounds are a natural starting point for investigating the constants c k;l :
